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Abstract
We introduce a construction of the differential calculus on the quantum su-
pergroup GLp,q(1|1). We obtain two differential calculi respectively associated
with the left and the right Cartan-Maurer one-forms. We also obtain the quan-
tum Lie algebra of GLp,q(1|1). Although all of the structures we obtain are
derived without an R-matrix they nevertheless can be expressed using an R-
matrix.
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I. INTRODUCTION
In the last few years, the theory of quantum (super) groups1 has occured as
a natural generalization of the notion of Lie groups. In other words, quantum
(super) groups are particular deformations of Lie (super) groups. They are alge-
braic structures depending on one (or more) continuous parameter q. We have a
stardard Lie (super) group for a particular value of the deformation parameter.
Quantum (super) groups present the examples of (graded) Hopf algebras. They
have found application in diverse areas of physics and mathematics2.
Quantum (super) groups can be realized on a quantum (super) space in which
coordinates are noncommuting3. Recently the differential calculus on noncom-
mutative (super) space has been intensively studied both by mathematicians
and mathematical physicists. There is much activity in differential geometry
on quantum groups. Throughout the recent development of differential calculus
on the quantum groups two principal concepts are readily seen. First of them,
formulated by Woronowicz4, is known as bicovariant differential calculus on the
quantum groups. Another concept, introduced by Woronowicz5 and Schirmacher
et al
6 proceeds from the requirement of a calculus only. There are many papers
in this field7 (and references therein). We shall consider the second concept.
The differential calculus on the quantum supergroups involves functions on
the supergroup, differentials and differential forms. In ref. 8 a right-invariant
differential calculus on the quantum supergroup GLq(1|1) has been constructed
in a different way which may be considered as an alternative to the approach
proposed earlier by Schmidke et al 9. It is necessary to point out that in the
work of ref. 8, the generating elements of Grq(1|1)
10 have been interpreted
as differentials of coordinate functions on the quantum supergroup GLq(1|1)
(Tˆ = δRT , in the ref. 8 notation). Therefore, the relations of Grq(1|1) have been
used in the beginning. In this work, we shall construct a left-(right-) invariant
differential calculus on the two parametric quantum supergroup, GLp,q(1|1). All
the relations will be obtained via some direct calculations and it will be shown
that all relations can be rederived using the R-matrix approach. The differential
structure obtained turns out to be a differential (graded) algebra.
Let us briefly discuss the content of the paper. In the second section the basic
notations of the Hopf algebra structure on the quantum supergroup GLp,q(1|1)
are introduced. In the third section we shall obtain the commutation relations
for the group parameters (the matrix elements) and their differentials so we have
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a left differential algebra. We show that the obtained left (right) differential
algebra (extended algebra) has a Hopf algebra structure. We also describe the
quantum Lie algebra for the left vector fields (Lie superalgebra generators) for
GLp,q(1|1) and derive the commutation relations between the group parameters
and the algebra generators. In the following section we propose a right differential
calculus on the GLp,q(1|1) and we again obtain the quantum Lie superalgebra of
GLp,q(1|1). In the next section we show that the found results can be written with
help of a matrix Rˆ. The classical limit p, q −→ 1 of the left (right) differential
calculus gives the undeformed differential calculus.
II. REVIEW OF GLp,q(1|1)
Elementary properties of quantum supergroup GLp,q(1|1) are described in
11.
We state briefly the properties we are going to need in this work.
The quantum supergroup GLp,q(1|1) is defined by the matrices of the form
T =
(
a β
γ d
)
= (T ij ) (1)
where the matrix elements satisfy the following commutation relations3,11
aβ = qβa, dβ = qβd,
aγ = pγa, dγ = pγd, (2)
βγ + pq−1γβ = 0, β2 = 0 = γ2,
ad = da+ (p− q−1)γβ.
Let us denote the algebra generated by the elements a, β, γ, d with the relations
(2) by A. We know that the algebra A is a (graded) Hopf algebra with the
following co-structures:
1. The usual coproduct
∆ : A −→ A⊗A, ∆(T ij ) = T
i
k ⊗ T
k
j , (3)
2. the counit
ε : A −→ C, ε(T ij ) = δ
i
j , (4)
3. the coinverse (antipode) S : A −→ A
S(T ) =
(
a−1 + a−1βd−1γa−1 −a−1βd−1
−d−1γa−1 d−1 + d−1γa−1βd−1
)
. (5)
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It is not difficult to verify the following properties of the co-structures:
(∆⊗ id) ◦∆ = (id ⊗∆) ◦∆, (6a)
µ ◦ (ε⊗ id) ◦∆ = µ′ ◦ (id⊗ ε) ◦∆, (6b)
m ◦ (S ⊗ id) ◦∆ = ε = m ◦ (id⊗ S) ◦∆, (6c)
where id denotes the identity mapping, µ : C ⊗ A −→ A, µ′ : A ⊗ C −→ A
are the canonical isomorphisms, defined by µ(k ⊗ a) = ka = µ′(a ⊗ k), ∀a ∈
A, ∀k ∈ C and m is the multiplication map m : A⊗A −→ A, m(a⊗ b) = ab.
The multiplication in A⊗A follows the rule
(A⊗B)(C ⊗D) = (−1)p(B)p(C)AC ⊗BC (7)
where p(X) is the z2-grade of X , i.e. p(X) = 0 for even variables and p(X) = 1
for odd variables.
III. LEFT DIFFERENTIAL CALCULUS ON GLp,q(1|1)
In this section, we shall build up the left-invariant differential calsulus on
the quantum supergroup GLp,q(1|1). The differential calculus on the quantum
supergroups involves functions on the supergroup, differentials and differential
forms. It is necessary to point out that, to obtain the needed commutation
relations for the differential calculus we shall not use any specific assumptions.
They will be found from natural ways.
A. Left differential algebra
We first note that the properties of the left exterior differential. We can
introduce the left exterior differential δL to be a C-linear operator that is nilpotent
and obeys the graded Leibniz rule:
δ2L = 0, (8a)
and
δL(fg) = (fg)δL
←
= f(δLg) + (−1)
p(g)(δLf)g (8b)
where f and g are functions of the group parameters.
We have seen, in the previous section, that A is an associative algebra gener-
ated by the matrix elements of (1) with the relations (2). A differential algebra
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on A is a z2-graded associative algebra ΓL equipped with a linear operator δL
given (8). Also the algebra ΓL has to be generated by A ∪ δLA.
Firstly, we wish to obtain the relations between the matrix elements of T in
(1) and their differentials. To do this, we shall use the method of ref. 8. So we
denote by Aaβ the algebra generated by the elements a and β with the relations
aβ = qβa, β2 = 0. (9)
If we consider a possible set of commutation relations between generators of Aaβ
and δLAδLaδLβ of the form
a δLa = A1δLa a,
a δLβ = F11δLβ a+ F12δLa β, (10)
β δLa = F21δLa β + F22δLβ a,
β δLβ = B1δLβ β,
then we can determine the coefficients A,B and Fij in terms of the complex
deformation parameters p, q. To determine them we use the consistency of
calculus (see, for details, ref. 8). Continuing in this way, we can obtain the other
relations. The final result is given by
δLa a = pqa δLa,
δLa β = −qβ δLa+ (1− pq)a δLβ,
δLa γ = −pγ δLa+ (1− pq)a δLγ, (11)
δLa d = d δLa+ (q
−1 − p)[qp−1β δLγ − γ δLβ + (p
−1 − q)a δLd],
δLβ a = pa δLβ, δLβ γ = pq
−1γ δLβ + (p− q
−1)a δLd,
δLβ β = β δLβ, δLβ d = q
−1d δLβ + (p
−1q−1 − 1)β δLd,
δLγ a = qa δLγ, δLγ β = qp
−1β δLγ + (p
−1 − q)a δLd,
δLγ γ = γ δLγ, δLγ d = p
−1d δLγ + (p
−1q−1 − 1)γ δLd,
δLd a = a δLd, δLd β = −p
−1β δLd,
δLd γ = −q
−1γ δLd, δLd d = p
−1q−1d δLd
Note that, for each possible set of the form (10) the emerged equation systems
admit, of course, at least two solutions. In other words, the relations Aaβ−δLAaβ
appearing in eqs. (11) are not unique. For example, the equation
F12F22 = 0 = (F11 − qA1)F22,
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which follows from the consistency of calculus, admits two solutions. Here, we
choose F22 = 0. We also note that the coefficients A1 and D1 (from d δLd =
D1δLd d) are, essentialy, undetermined. Howover, we have taken them as A1 =
p−1q−1 and D1 = A
−1
1 since these lead to the standard R-matrix [see, eq. (69)].
To find the commutation relations between differentials, we apply the exterior
differential δL on the relations (11) and use the nilpotency of δL. Then it is easy
to see that
δLaδLβ = p
−1δLβδLa, δLdδLβ = p
−1δLβδLd,
δLaδLγ = q
−1δLγδLa, δLdδLγ = q
−1δLγδLd, (12)
δLaδLd = −δLdδLa, (δLa)
2 = 0 = (δLd)
2,
δLβδLγ = pq
−1δLγδLβ + (p− q
−1)δLdδLa.
These relations are the relations of Grp,q(1|1) in ref. 12, where α = δLa, b = δLβ,
etc.
Thus we have constructed the differential algebra ΓL = A∪δLA of the algebra
generated by the matrix elements of any matrix in GLp,q(1|1).
B. Hopf algebra structure on ΓL
We first note that consistency of a differential calculus with commutation
relations (1) means that the algebra Γ is a graded associative algebra generated
by the set {a, . . . , d, δLa, . . . , δLd}. So, it is sufficient only describe the action of
co-maps on the subset {δLa, . . . , δLd} which is defined in
13.
We consider a map φR : ΓL −→ ΓL ⊗A such that
φR ◦ δL = (δL ⊗ id) ◦∆. (13a)
Thus, we have
φR(δLa) = δLa⊗ a+ δLβ ⊗ γ,
φR(δLβ) = δLβ ⊗ d+ δLa⊗ β, (14a)
φR(δLγ) = δLγ ⊗ a+ δLd⊗ γ,
φR(δLd) = δLd⊗ d+ δLγ ⊗ β.
We now define a map ∆R as follows:
∆R(u1δLv1 + δLv2u2) = ∆(u1)φR(δLv1) + φR(δLv2)∆(u2). (15)
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Then it can be checked that the map ∆R leaves invariant the relations (11) and
(12). One can also check that the following identities are satisfied:
(∆R ⊗ id) ◦∆R = (id⊗∆) ◦∆R, (id⊗ ǫ) ◦∆R = id. (16a)
But we do not have a coproduct for the differential algebra because the map φR
does not gives an analog for the derivation property (8b), yet. So we consider
another map φL : ΓL −→ A⊗ ΓL such that
φL ◦ δL = (τ ⊗ δL) ◦∆, (13b)
where τ : ΓL −→ ΓL is the linear map of degree zero which gives τ(a) = (−1)
p(a)a.
The action of φL on the generators δLa, δLβ, δLγ and δLd as follows:
φL(δLa) = a⊗ δLa− β ⊗ δLγ,
φL(δLβ) = a⊗ δLβ − β ⊗ δLd, (14b)
φL(δLγ) = −γ ⊗ δLa+ d⊗ δLγ,
φL(δLd) = d⊗ δLd− γ ⊗ δLβ.
We define a map ∆L with again (15) by replacing L with R. The map ∆L
also leaves invariant the relations (11) and (12), and the following identities are
satisfied:
(id⊗∆L) ◦∆L = (∆⊗ id) ◦∆L, (ǫ⊗ id) ◦∆L = id. (16b)
Let us define the map ∆ˆ as
∆ˆ = ∆L +∆R (17)
which will allow us to define the coproduct of the differential algebra. We de-
note the restriction of ∆ˆ to the algebra A by ∆ and the extension of ∆ to the
differential algebra ΓL by ∆ˆ. It is possible to interpret the expression
∆ˆ|A = ∆ (18)
as the definition of ∆ˆ on the matrix elements and (17) as the definition of ∆ˆ on
differentials.
Note that it is not difficult to verify the following identities:
(∆L ⊗ id) ◦∆R = (id ⊗∆R) ◦∆L, (19a)
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and for all u ∈ A
(τ ⊗ δL) ◦∆(u) = ∆L(δLu), (δL ⊗ id) ◦∆(u) = ∆R(δLu). (19b)
Note that the coproduct can be interpreted as a (left and right) coaction of
the quantum supergroup GLp,q(1|1) on the differential forms, since the extended
algebra ΓL is interpreted as an algebra of differential forms on GLp,q(1|1).
Now let us return Hopf algebra structure of ΓL. If we define a counit ǫˆ for
the differential algebra as
ǫˆ ◦ δL = δL ◦ ǫ = 0 (20)
and
ǫˆ|A = ǫ, ǫ|Γ = ǫˆ (21)
we have
ǫˆ(δLa) = ǫˆ(δLβ) = ǫˆ(δLγ) = ǫˆ(δLd) = 0, (22)
where
ǫˆ(u1δLv1 + δLv2u2) = ǫ(u1)ǫˆ(δLv1) + ǫˆ(δLv2)ǫ(u2). (23)
Here we used the fact that δL(1) = 0.
The next step is to obtain a coinverse Sˆ. For this, it suffices to define Sˆ such
that
Sˆ ◦ δL = δL ◦ S (24)
and
Sˆ|A = S, S|Γ = Sˆ (25)
where
Sˆ(u1δLv1 + δLv2u2) = Sˆ(δLv1)S(u1) + S(u2)Sˆ(δLv2). (26)
Thus the action of Sˆ on the generators δLa, δLβ, δLγ and δLd is as follows:
Sˆ(δLa) = (−AδLa +BδLγ)A− (AδLβ − BδLd)C,
Sˆ(δLβ) = (−AδLa+BδLγ)A− (AδLβ − BδLd)D, (27)
Sˆ(δLγ) = (CδLa−DδLγ)A+ (CδLβ −DδLd)C,
Sˆ(δLd) = (CδLa−DδLγ)B + (CδLβ −DδLd)D.
Note that, it is easy to check that ǫˆ and Sˆ leave invariant the relations (11)
and (12). Consequently, we can say that the structure (ΓL, ∆ˆ, εˆ, Sˆ) is a graded
Hopf algebra.
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C. The left Cartan-Maurer one-forms in ΓL
As in analogy with the left-invariant one-forms on a Lie group in classical
differential geometry, one can construct the matrix valued one-form ΩL where
ΩL =
(
θ1 u1
u2 θ2
)
= T−1δLT. (28)
Each element of ΩL is left-invariant. For, if T
′ is any fixed element of GLp,q(1|1),
the left translation by T ′ is given by
T −→ T ′T,
while
(T ′T )−1δL(T
′T ) = T−1δLT.
This allows us to make explicit calculations in many important groups.
If we set
T−1 =
(
A B
C D
)
(29)
as the superinverse [see, eq. (5)] of T ∈ GLp,q(1|1), we write the matrix elements
(left one-forms) of ΩL as follows
θ1 = AδLa+BδLγ, u1 = AδLβ +BδLd,
θ2 = DδLd+ CδLβ, u2 = CδLa+DδLγ. (30)
In this section, we wish to obtain the commutation relations between the
generators of A and one-forms, and so the relations between one-forms. For this
reason, we need the commutation relations of the matrix elements of T and T−1.
Some calculations give the commutation relations between them as follows:
aA = pqAa+ 1− pq, dA = Ad,
aD = Da, dD = pqDd+ 1− pq,
aB = qBa, dB = qBd,
aC = pCa, dC = pCd,
βA = qAβ, γA = pAγ, (31)
βD = qDβ, γD = pDγ,
βB = Bβ, γB = −pqBγ,
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βC = −pqCβ, γC = Cγ.
Using these relations, we now find the commutation relations of the matrix
entries of T with those of ΩL :
θ1a = pqaθ1 + (pq − 1)βu2,
θ1β = −βθ1 + (1− pq)au1 − p
−1q−1(pq − 1)2βθ2,
θ1γ = −pqγθ1 + (1− pq)du2,
θ1d = dθ1 + (pq − 1)γu1 + p
−1q−1(pq − 1)2dθ2,
u1a = pau1 + (p− q
−1)βθ2,
u1β = q
−1βu1, u1d = q
−1du1,
u1γ = pγu1 + (p− q
−1)dθ2, (32)
u2a = qau2, u2γ = qγu2,
u2β = p
−1βu2 + (p
−1 − q)aθ2,
u2d = p
−1du2 + (p
−1 − q)γθ2,
θ2a = aθ2, θ2β = −p
−1q−1βθ2
θ2γ = −γθ2, θ2d = p
−1q−1dθ2,
To obtain commutation relations among the left Cartan-Maurer one-forms,
we shall use the commutation relations of the matrix elements of T−1 with the
differentials of the matrix elements of T which are given in the following
δLa A = p
−1q−1AδLa + (p
−1q−1 − 1)[BδLγ − CδLβ + (pq − 1)DδLd],
δLa B = −p
−1BδLa+ (q − p
−1)DδLβ,
δLa C = −q
−1CδLa+ (p− q
−1)DδLγ,
δLa D = DδLa,
δLβ A = p
−1AδLβ + (p
−1 − q)BδLd,
δLβ B = qp
−1BδLβ, δLβ D = qDδLβ,
δLβ C = CδLβ + (1− pq)DδLd,
δLγ A = q
−1AδLγ + (q
−1 − p)CδLd,
δLγ B = BδLγ + (1− pq)DδLd,
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δLγ C = pq
−1CδLγ, δLγ D = pDδLγ, (33)
δLd A = AδLd, δLd B = −qBδLd,
δLd C = −pCδLd, δLd D = pqDδLd.
Using these relations, we obtain the commutation relations of the left Cartan-
Maurer forms with the differentials of the matrix elements of T as follows:
θ1δLa = −δLa θ1 + (1− p
−1q−1)δLβ u2, θ1δLd = −δLd θ1,
θ1δLβ = δLβ θ1, θ1δLγ = δLγ θ1 + (p
−1q−1 − 1)δLd u2,
u1δLa = q
−1δLa u1 + (p− q
−1)δLβ (θ1 − θ2), u1δLβ = pδLβ u1,
u1δLd = pδLd u1, u1δLγ = pδLγ u1 + (p− q
−1)δLd (θ1 − θ2), (34)
u2δLa = p
−1δLa u2, u2δLβ = p
−1δLβ u2,
u2δLγ = p
−1δLγ u2, u2δLd = p
−1δLd u2,
θ2δLa = −δLa θ2 + (1− p
−1q−1)δLβ u2,
θ2δLγ = δLγ θ2 + (p
−1q−1 − 1)δLd u2,
θ2δLβ = δLβ θ2, θ2δLd = −δLd θ2.
We now obtain the commutation relations of the left Cartan-Maurer forms
u1θ1 = pqθ1u1 + (1− pq)θ2u1, u1θ2 = θ2u1,
θ1u2 = pqu2θ1 + (1− pq)u2θ2, u2θ2 = θ2u2,
θ21 = (pq − 1)u2u1, θ
2
2 = 0, (35)
u1u2 = pqu2u1, θ1θ2 + θ2θ1 = (pq − 1)u2u1.
Note that one can check that the action of δL on (32) and also (34), (35) is
consistent. These relations allow to evaluate the Lie algebra of GLp,q(1|1) via
the generators of Lie algebra related to the left one-forms.
D. Quantum superalgebra
The commutation relations of Cartan-Maurer forms allow us to construct the
algebra of the generators. To obtain the quantum Lie superalgebra of the Lie
algebra generators, using (30) we first write the left Cartan-Maurer forms as
δLa = aθ1 + βu2, δLβ = au1 + βθ2,
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δLd = dθ2 + γu1, δLγ = γθ1 + du2. (36)
The left differential δL can then the expressed in the form
δL = T
L
1 θ1 + T
L
2 θ2 +∇
L
+u1 +∇
L
−u2. (37a)
Here TL1 , T
L
2 and ∇
L
± are the quantum Lie algebra generators. We now shall
obtain the commutation relations of these generators. To do this, let us consider
an arbitrary function f of the matrix elements of T and write the eq. (37a) as
follows:
δLf = (fT
L
i )θi + (f∇
L
i )ui, (37b)
where
θi ∈ {θ1, θ2}, ui ∈ {u1, u2}, ∇
L
i ∈ {∇
L
−,∇
L
+}.
Using the nilpotency of the left exterior differential δL one has
(fTLi )δLθi+(f∇
L
i )δLui = (fT
L
i )(T
L
j θj+∇
L
j uj)θi−(f∇
L
i )(T
L
j θj+∇
L
j uj)ui. (38)
So we need the four two-forms. To obtain these, using the nilpotency of the left
differential δL, we can write δLΩL of the form
δLΩL = ΩLσ3ΩLσ3, σ3 =
(
1 0
0 −1
)
. (39)
In terms of the two-forms, these become
δLθ1 = θ
2
1 − u1u2, δLu1 = θ1u1 − u1θ2,
δLθ2 = θ
2
2 − u2u1, δLu2 = θ2u2 − u2θ1. (40)
We can now write down the Cartan-Maurer equations in our case
(
δLθ1 δLu1
δLu2 δLθ2
)
=
(
−u2u1 −(θ1 − θ2)u1
p−1q−1(θ1 − θ2)u2 −u2u1
)
. (41)
Using the Cartan-Maurer equations we find the following commutation relations
for the quantum Lie algebra:
[TL1 ,∇
L
+] = −∇
L
+ + (1− pq)T
L
1 ∇
L
+,
[TL2 ,∇
L
+] = ∇
L
+ − (1− pq)T
L
1 ∇
L
+,
[TL1 ,∇
L
−] = ∇
L
− − (1− pq)∇
L
−T
L
1 ,
[TL2 ,∇
L
−] = −∇
L
− + (1− pq)∇
L
−T
L
1 , (42)
∇L+∇
L
− + pq∇
L
−∇
L
+ = T
L
1 + T
L
2 + (1− pq)T
L
1 (T
L
1 − T
L
2 ),
[TL1 , T
L
2 ] = 0, (∇
L
±)
2 = 0
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or with new generators XL = TL1 + T
L
2 and Y
L = TL1 − T
L
2 ,
[XL,∇L±] = 0, [X
L, Y L] = 0, (∇L±)
2 = 0,
[Y L,∇L+] = −2∇
L
+ + (1− pq)(X
L + Y L)∇L+, (43)
[Y L,∇L−] = 2∇
L
− − (1− pq)∇
L
−(X
L + Y L),
∇L+∇
L
− + pq∇
L
−∇
L
+ = X
L +
1− pq
2
(XL + Y L)Y L.
We also note that the commutation relations (42) of the Lie algebra gen-
erators should be consistent with monomials of the matrix elements of T . To
proceed, we must evaluate the commutation relations between the generators
of Lie algebra and the matrix elements of T . The commuation relations of the
generators with the matrix elements can be extracted from the Leibniz rule:
δL(fa) = (fa)δL
←
= f(δLa) + (δLf)a =⇒
a(TLi θi +∇
L
i ui) = δLa + (T
L
i θi +∇
L
i ui)a, (44)
etc. This yields
aTL1 = a+ pqT
L
1 a, a∇
L
+ = p∇
L
+a,
aTL2 = T
L
2 a+ (p− q
−1)∇L+β,
a∇L− = β + q∇
L
−a + (pq − 1)T
L
1 β,
βTL1 = T
L
1 β, β∇
L
− = −p
−1∇L−β,
βTL2 = β + p
−1q−1TL2 β + (q − p
−1)[∇L−a + (p− q
−1)TL1 β],
β∇L+ = a− q
−1∇L+β + (pq − 1)T
L
1 a, (45)
γTL1 = γ + pqT
L
1 γ, γ∇
L
+ = −p∇
L
+γ,
γTL2 = T
L
2 γ + (q
−1 − p)∇L+d,
γ∇L− = d− q∇
L
−γ + (pq − 1)T
L
1 d,
dTL1 = T
L
1 d, d∇
L
− = p
−1∇L−d,
dTL2 = d+ p
−1q−1TL2 d+ (q − p
−1)[(p− q−1)TL1 d−∇
L
−γ],
d∇L+ = γ + q
−1∇L+d+ (pq − 1)T
L
1 γ.
Notice that these commutation relations must be consistent. In fact, for
example, it is easy to see that the nilpotency of (∇L±)
2 is consistent with
(∇L+)
2a = p−2a(∇L+)
2, (∇L−)
2a = q−2a(∇L−)
2.
Similarly, one can check the other relations.
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IV. RIGHT DIFFERENTIAL CALCULUS ON GLp,q(1|1)
In this section, we shall build up the right-invariant differential calculus on
the quantum supergroup GLp,q(1|1).
A. Right differential Algebra
We first note that the properties of the right exterior differential. The basic
differential operator δR which is linear and satisfies the standard properties as
follows: the nilpotency
δ2R = 0 (46a)
and the graded Leibniz rule
δR(fg) = (δRf)g + (−1)
p(f)f(δRg) (46b)
where f and g are functions of the group parameters.
In Analogy with previous sections let us begin obtaining the commutation
relations of the group parameters with their differentials. Using the method of
sec. 3.1 we obtain the commutation relations between the generators of A and
their right differentials (the generators of δRA) as follows:
a δRa = pqδRa a, a δRβ = qδRβ a+ (pq − 1)δRa β,
a δRγ = pδRγ a+ (pq − 1)δRa γ,
a δRd = δRd a+ (p− q
−1)[δRγ β − qp
−1δRβ γ + (q − p
−1)δRa d],
β δRa = −pδRa β, β δRβ = δRβ β,
β δRγ = pq
−1δRγ β + (p− q
−1)δRa d,
β δRd = −q
−1δRd β + (1− p
−1q−1)δRβ d,
γ δRa = −qδRa γ, γ δRγ = δRγ γ,
γ δRβ = qp
−1δRβ γ + (p
−1 − q)δRa d, (47)
γ δRd = −p
−1δRd γ + (1− p
−1q−1)δRγ d,
d δRa = δRa d, d δRβ = p
−1δRβ d,
d δRγ = q
−1δRγ d, d δRd = p
−1q−1δRd d.
To find the commutation relations between differentials, we apply the exterior
differential δR on the relations (47) and use the nilpotency of δR. They are the
same with (12), as expected.
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Thus we have constructed the right differential algebra ΓR = A∪ δRA of the
algebra generated by the matrix elements of any matrix in GLp,q(1|1). Again,the
structure (ΓR, ∆ˆ, εˆ, Sˆ) is a graded Hopf algebra provided that subscript R re-
placing with L in sec. 3.B.
B. The right Cartan-Maurer one-forms in ΓR
As in analogy with the right-invariant one-forms on a Lie group in classical
differential geometry, one can construct the matrix valued one-form ΩR where
ΩR = δRT T
−1. (48)
Then we write the matrix elements (right one-forms) of ΩR as follows
w1 = δRaA + δRβC, v1 = δRaB + δRβD,
w2 = δRγB + δRdD, v2 = δRγA + δRdC. (49)
The commutation relations of the matrix elements of T and T−1 are given
by (31). Using (31), we now find the commutation relations of the matrix entries
of T with those of ΩR :
aw1 = pqw1a, av1 = qv1a,
av2 = pv2a+ (p− q
−1)w1γ,
aw2 = w2a+ pq
−1(q − p−1)2w1a+ (p
−1q−1 − 1)v1γ,
βw1 = −pqw1β, βv1 = qv1β,
βv2 = pv2β + (p− q
−1)w1d, (50)
βw2 = −w2β − pq
−1(q − p−1)2w1β + (1− p
−1q−1)v1d,
γw1 = −w1γ, γv1 = p
−1v1γ + (p
−1 − q)w1a,
γv2 = q
−1v2γ, γw2 = −p
−1q−1w2γ + (1− p
−1q−1)v2a,
dw1 = w1d, dv2 = q
−1v2d,
dv1 = p
−1v1d+ (p
−1 − q)w1β,
dw2 = p
−1q−1w2d+ (p
−1q−1 − 1)v2β.
To obtain the commutation relations among the right Cartan-Maurer one-
forms, we use the commutation relations of the matrix elements of T−1 with the
differentials of the matrix elements of T which are given in the following
AδRa = p
−1q−1δRaA, AδRd = δRdA,
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AδRβ = q
−1δRβA, AδRγ = p
−1δRγA,
DδRa = δRaD,
DδRd = pqδRdD + (1− pq)[δRβC − δRγB + (1− p
−1q−1)δRaA],
DδRβ = pδRβD + (p− q
−1)δRaB,
DδRγ = qδRγD + (p− p
−1)δRaC,
BδRa = −q
−1δRaB, BδRγ = δRγB + (p
−1q−1 − 1)δRaA, (51)
BδRβ = pq
−1δRβB, BδRd = −pδRdB + (q
−1 − p)δRβA
CδRa = −p
−1δRaC, CδRβ = δRβC + (1− p
−1q−1)δRaA,
CδRγ = qp
−1δRγC, CδRd = −qδRdC + (p
−1 − q)δRγA.
Using these relations, we obtain the commutation relations of the right
Cartan-Maurer forms with the differentials of the matrix elements of T as follows:
w1δRa = −δRa w1, w1δRγ = δRγ w1,
w1δRβ = δRβ w1 + (1− p
−1q−1)δRa v1,
w1δRd = −δRd w1 + (p
−1q−1 − 1)δRγ v1,
v1δRa = q
−1δRa v1, v1δRβ = q
−1δRβ v1,
v1δRγ = q
−1δRγ v1, v1δRd = q
−1δRd v1, (52)
v2δRa = qδRa v2, v2δRγ = qδRγ v2,
v2δRβ = qδRβ v2 + (q − p
−1)δRa (w2 − w1),
v2δRd = qδRd v2 + (q − p
−1)δRγ w1,
w2δRa = −δRa w2, w2δRβ = δRβ w2 + (1− p
−1q−1)δRa v1,
w2δRγ = δRγ w2 + p
−1q−1(pq − 1)2δRγ w1,
w2δRd = −pqδRd w2 + (pq − 1)δRd w1 + p
−1q−1(pq − 1)2δRγ v1.
We now obtain the commutation relations of the right Cartan-Maurer forms
w1v1 = v1w1, v1w2 = pqw2v1 + (1− pq)v1w1,
w1v2 = v2w1, w2v2 = pqv2w2 + (1− pq)w1v2,
w21 = 0, w
2
2 = (1− pq)v2v1, (53)
v1v2 = pqv2v1, w1w2 + w2w1 = (1− pq)v2v1.
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Note that one can check that the action of δR on (50), (52) and also (53) is
consistent. These relations allow us to evaluate the Lie algebra of GLp,q(1|1) by
relating the generators of the Lie algebra to the right one-forms.
C. Quantum superalgebra
The commutation relations of Cartan-Maurer forms allow us to construct the
algebra of the generators. To obtain the quantum Lie superalgebra of the Lie
algebra generators we first write the Cartan-Maurer forms as
δRa = w1a+ v1γ, δRβ = w1β + v1d,
δRd = w2d+ v2β, δRγ = w2γ + v2a. (54)
The differential δR can then the expressed in the form
δR = w1T1 + w2T2 + v1∇+ + v2∇−. (55)
Here T1, T2 and ∇± are the quantum Lie algebra generators. We now shall
obtain the commutation relations of these generators. Considering an arbitrary
function f of the matrix elements of T and using the nilpotency of the exterior
differential δR one has
(δRwi)Tif + (δRvi)∇if = wiδRTif − viδR∇if, (56)
where
wi ∈ {w1, w2}, vi ∈ {v1, v2}, ∇i ∈ {∇+,∇−}.
So we need the four two-forms. To obtain these, using the nilpotency of the
differential δR, we can write δRΩR of the form
δRΩR = σ3ΩRσ3ΩR, σ3 =
(
1 0
0 −1
)
(57)
In terms of the two-forms, these become
δRw1 = w
2
1 − v1v2, δRv1 = w1v1 − v1w2,
δRw2 = w
2
2 − v2v1, δRv2 = w2v2 − v2w1. (58)
We can now write down the Cartan-Maurer equations in our case
(
δRw1 δRv1
δRv2 δRw2
)
=
(
−v1v2 pq(w1 − w2)v1
−(w1 − w2)v2 −v1v2
)
. (59)
Using the Cartan-Maurer equations we find the following commutation relations
for the quantum Lie algebra:
[T1,∇+] = −pq∇+ + (pq − 1)T2∇+,
17
[T2,∇+] = pq∇+ − (pq − 1)T2∇+,
[T1,∇−] = pq∇− − (pq − 1)∇−T2,
[T2,∇−] = −pq∇− + (pq − 1)∇−T2, (60)
[T1, T2] = 0, ∇
2
± = 0
∇−∇+ + p
−1q−1∇+∇− = T1 + T2 + (p
−1q−1 − 1)(T 22 + T1T2)
or with new generators X = T1 + T2 and Y = T1 − T2,
[X,∇±] = 0, [X, Y ] = 0, ∇
2
± = 0,
[Y,∇+] = −2pq∇+ + (pq − 1)(X − Y )∇+,
[Y,∇−] = 2pq∇− − (pq − 1)∇−(X − Y ), (61)
∇+∇− + pq∇−∇+ = pqX +
1− pq
2
(X2 −XY ).
The commutation relations (60) of the Lie algebra generators should be con-
sistent with monomials of the matrix elements of T . To do this, we evaluate
the commutation relations between the generators of Lie algebra and the ma-
trix elements of T . The commuation relations of the generators with the matrix
elements can be extracted from the Leibniz rule:
δR(af) = (δRa)f + a(δRf) =⇒ (wiTi + vi∇i)a = δRa + a(wiTi + vi∇i), (62)
etc. This yields
T1a = a+ pqaT1 + (p− q
−1)[(q − p−1)aT2 + γ∇−],
T1β = β + pqβT1 + (p− q
−1)[(q − p−1)βT2 − d∇−],
T1γ = γT1 + (p
−1 − q)a∇+,
T1d = dT1 + (p
−1 − q)β∇+,
T2a = aT2, T2γ = γ + p
−1q−1γT2,
T2β = βT2, T2d = d+ p
−1q−1dT2, (63)
∇+a = γ + qa∇+ + (p
−1q−1 − 1)γT2,
∇+β = d− qβ∇+ + (p
−1q−1 − 1)dT2,
∇+γ = −p
−1γ∇+, ∇+d = p
−1d∇+,
∇−a = pa∇−, ∇−β = −pβ∇−,
∇−γ = a− q
−1γ∇− + (p
−1q−1 − 1)aT2,
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∇−d = β + q
−1d∇− + (p
−1q−1 − 1)βT2.
Notice that these commutation relations must be consistent. In fact, for
example, it is easy to see that the nilpotency of ∇2± is consistent with
∇2−a = p
2a∇2−, ∇
2
+a = q
2a∇2+.
Similarly, one can check the other relations.
V. R-MATRIX APPROACH
In this section we wish to obtain the relations (11), (12), (32), (34) and
(35) with the help of a matrix Rˆ that acts on the square tensor space of the
supergroup. Of course, the matrix Rˆ is a solution of the quantum (graded)
braided group equation.
We first consider the quantum superplane and its dual3. The quantum su-
perplane Ap is generated by coordinates x and θ, and the commutation rules
xθ = pθx, θ2 = 0. (64)
The quantum (dual) superplane A∗q is generated by coordinates ϕ and y, and the
commutation rules
ϕ2 = 0, ϕy = q−1yϕ. (65)
We demand that relations (64), (65) are preserved under the action of T , as a
linear transformation, on the quantum superplane and its dual:
T : Ap −→ Ap, T : A
∗
q −→ A
∗
q . (66)
Let X = (x, θ)t and Xˆ = (ϕ, y)t. Then, as a consequence of (66) the points TX
and TXˆ should belong to Ap and A
∗
q, respectively, which give the relations (2).
Similarly, let us consider linear transformations δLT with the following prop-
erties
δLT : Ap −→ A
∗
q, δLT : A
∗
q −→ Ap. (67)
Then the points (δLT )X and (δLT )Xˆ should belong to A
∗
q and Ap, respectively.
This case is equivalent to (12).
Note that the relations (64) can be written as follows
X ⊗X = q−1RˆX ⊗X, (68)
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where
Rˆ =


q 0 0 0
0 q − p−1 1 0
0 qp−1 0 0
0 0 0 −p−1

 . (69)
We can also write mixed relations between the component of X and Xˆ as follows:
(−1)p(X)X ⊗ Xˆ = pRˆXˆ ⊗X, (70)
where Xˆ = δLX .
Using (66) together with (68) and (70), we now derive anew the quantum
supergroup relations (2) from the equation
RˆT1T2 = T1T2Rˆ, (71)
where, in usual grading tensor notation, T1 = T ⊗ I and T2 = I ⊗ T . Similarly
using (70), we obtain the following equation
T1δL(T2) = qp
−1Rˆ−1δLT1T
′
2Rˆ
−1, T ′ = (−1)p(T )T (72a)
which is equivalent to the relations (11). Note that
δL(T2) = −(δLT )2. (73)
So, the equation (72a) can be written as
T1(δLT )2 = −qp
−1Rˆ−1δLT1T
′
2Rˆ
−1. (72b)
Applying the left exterior differential δL on boht side of (72) one has
δLT1[δL(T2)]
′ = qp−1Rˆ−1δLT1δL(T
′
2)Rˆ
−1, (74)
which gives the relations (12). Taking δLT = TΩL and using (72) one obtains
Ω1T
′
2 = −pq
−1T2RˆΩ2Rˆ, (75)
which gives the relations (34). Finally, from (74) we find that
Ω1[δL(T2)]
′ = δL(T2)RˆΩ
′
2Rˆ
−1 (76)
and from (76)
RˆΩ2RˆΩ
′
2 = −qp
−1Ω2RˆΩ
′
2Rˆ
−1. (77)
These equations are equivalent to (34) and (35), respectivelly. Similar formulas
can be also derived for the right commutation relations.
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VI. CONCLUSION
To conclude, we introduce here commutation relations between the group
parameters and their partial derivatives and thus illustrate the connection be-
tween the relations in Sec. IIID and in Sec. IVC, and the relations which will
be now obtained.
To proceed, let us first obtain the relations of the group parameters with
their partial derivatives. We know that the right exterior differential δR can be
expressed of the form
δRf = (δRa∂a + δRβ∂β + δRγ∂γ + δRd∂d)f. (78)
Then, replacing f with af , etc. we obtain the following commutation relations
∂aa = 1 + pqa∂a + (pq − 1)[(1− p
−1q−1)d∂d + β∂β + γ∂γ ],
∂aβ = pβ∂a + (q
−1 − p)d∂γ ,
∂aγ = qγ∂a + (q − p
−1)d∂β, ∂ad = d∂a,
∂βa = qa∂β + (p
−1 − q)γ∂d, ∂βd = p
−1d∂β ,
∂ββ = 1− β∂β + (p
−1q−1 − 1)d∂d, ∂βγ = −qp
−1γ∂β,
∂γa = pa∂γ + (p− q
−1)β∂d, ∂γβ = −pq
−1β∂γ ,
∂γγ = 1− γ∂γ + (p
−1q−1 − 1)d∂d, ∂γd = q
−1d∂γ , (79)
∂da = a∂d, ∂dβ = q
−1β∂d,
∂dγ = p
−1γ∂d, ∂dd = 1 + p
−1q−1d∂d.
We thus find the commutation relations between the derivatives. These relations
can be obtained by using the nilpotency of the right exterior differential δR and
they have the form
∂a∂β = p
−1∂β∂a, ∂d∂β = p
−1∂β∂d,
∂a∂γ = q
−1∂γ∂a, ∂d∂γ = q
−1∂γ∂d,
∂β∂γ = −pq
−1∂γ∂β, ∂
2
β = 0 = ∂
2
γ , (80)
∂a∂d = ∂d∂a + (p− q
−1)∂γ∂β .
The (graded) Hopf algebra structure for ∂ is given by
∆(∂a) = ∂a ⊗ ∂a + ∂β ⊗ ∂γ , ∆(∂β) = ∂a ⊗ ∂β + ∂β ⊗ ∂d,
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∆(∂d) = ∂d ⊗ ∂d + ∂γ ⊗ ∂β, ∆(∂γ) = ∂γ ⊗ ∂a + ∂d ⊗ ∂γ , (81)
ε(∂a) = 1 = ε(∂d), ε(∂β) = 0 = ε(∂γ),
S(∂a) = ∂
−1
a + ∂
−1
a ∂β∂
−1
d ∂γ∂
−1
a , S(∂β) = −∂
−1
a ∂β∂
−1
d ,
S(∂d) = ∂
−1
d + ∂
−1
d ∂γ∂
−1
a ∂β∂
−1
d , S(∂γ) = −∂
−1
d ∂γ∂
−1
a ,
provided that the formal inverses ∂−1a and ∂
−1
d exist. However these co-maps do
not leave invariant the relations (79).
We know, from Sec. IVC, that the right exterior differential δR can be ex-
pressed in the form (55), which we repeat here,
δRf = (w1T1 + v1∇+ + v2∇− + w2T2)f. (82)
Considering (78) together (82) and using (54) one has
T1 = a∂a + β∂β, ∇+ = γ∂a + d∂β,
T2 = d∂d + γ∂γ , ∇− = a∂γ + β∂d. (83)
Using the relations (79), (80) one can check that the relations of the generators in
(83) coincide with (60). It can also be verified that, the action of the generators
in (83) on the group parameters coincide with (63).
Above, we noted that the right exterior differential must be placed before the
right derivatives. With a similar consideration, we can say that the left exterior
differential must be placed after the left derivatives:
δLf = f(∂
L
a δRa + ∂
L
β δRβ + ∂
L
γ δRγ + ∂
L
d δRd). (84)
Replacing f with fa, etc. we get the following relations
a∂La a = 1 + pq∂
L
a a, a∂
L
d = ∂
L
d a,
a∂Lβ = p∂
L
β a, a∂
L
γ = q∂
L
γ a,
β∂La = q∂
L
a β, β∂
L
β = 1− ∂
L
β β + (pq − 1)∂
L
a a,
β∂Lγ = −qp
−1∂Lγ β, β∂
L
d = p
−1∂Ld β + (q − p
−1)∂Lγ a,
γ∂La = p∂
L
a γ, γ∂
L
γ = 1− ∂
L
γ γ + (pq − 1)∂
L
a a,
γ∂Lβ = −pq
−1∂Lβ γ, γ∂
L
d = q
−1∂Ld γ + (q
−1 − p)∂Lβ a,
d∂La = ∂
L
a d, d∂
L
β = q
−1∂Lβ d+ (p− q
−1)∂La γ, (85)
d∂Lγ = p
−1∂Lγ d+ (p
−1 − q)∂La β,
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d∂Ld = 1 + p
−1q−1∂Ld d+ (1− p
−1q−1)[(1− pq)∂La a+ ∂
L
β β + ∂
L
γ γ].
The commutation relations between the left derivatives are the same with (80).
Finally, expressing the left exterior differential of the form (37b) and com-
paring (84) by help of (36) we have
TL1 = ∂
L
a a + ∂
L
γ γ, ∇
L
+ = ∂
L
β a+ ∂
L
d γ,
TL2 = ∂
L
β β + ∂
L
d d, ∇
L
− = ∂
L
a β + ∂
L
γ d. (86)
Using these with (85) one can check the relations (42) and (45).
VII. DISCUSSION
The starting point of the present paper is to evaluate the (p, q)-commutation
relations of the matrix elements with their differentials. Later, using these rela-
tions the (p, q)-commutation relations of the matrix elements with the Cartan-
Maurer forms are obtained without any further assumptions. The commuta-
tion relations of the Cartan-Maurer forms are not obtained by using the (p, q)-
commutation relations of the matrix elements with the Cartan-Maurer forms,
i.e., to obtain the desired commutation relations we have not applied the exte-
rior differential δ on the relations of the matrix elements with the Cartan-Maurer
forms. Applying the exterior differential δ on the relations of the matrix elements
to the Cartan-Maurer forms, gives the required objects. In this work we have
derived the (p, q)-commutation relations between the matrix elements and their
differentials without considering an R-matrix at first. However we later showed
that these relations can also be derived using an R-matrix.
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